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Each question carries 10 marks

1. Let X be a compact metric space and A C Cr(X) be a subalgebra that separates
points of X and nowhere vanishes on X. Prove that A is dense in Cg(X).

2. (a) Prove that C[0, 1] has no open set whose closure is compact (Marks: 4).

(b) Let X be a complete metric space and ¢: X — X be a map such that
d(¢"(x),do™(y)) < ayd(x,y) for all n > 1 and all z,y € X for some sequence
a, — 0. Prove that ¢ has a unique fixed point x € X and lim, , ¢"(y) = =
for all y € X.

3. (a) Let E C R™ be an open set and f: E — R" be a C'-map with f/(x) is
invertible. Prove that there is neighborhood U of z such that f(U) is open in
R"™.

(b) Prove that 3.5 % = = (Marks: 4).
4. (a) Let f € R[—m, 7| be a 2m-periodic function and s,,(z) be the n-th partial sum
of the Fourier series. If f is differentiable at x, prove or disprove s,(z) — f(x).

(b) Prove that >_1° & = %52 for 0 < 2 < m(Marks: 5).

5. (a) Let f € Rla.b]. Prove that lim, fabf(t) sin(rt + s)dt = 0 for any s € R.

(b) Let f € R[—m, 7] be a 2r-periodic function and f ~ % c,e™*. If
> n?le,|* < oo, prove that Y c¢,e™* = f(z) uniformly.



